Abstract. Time boundary terms usually added to action principles are systematically handled in the framework of Dirac's canonical analysis. The procedure begins with the introduction of the boundary term into the integral Hamiltonian action and then the resulting action is interpreted as a Lagrangian one to which Dirac's method is applied. Once the general theory is developed, the current procedure is implemented and illustrated in various examples which are originally endowed with different types of constraints.
Introduction
Time boundary terms are frequently introduced in action principles for both Lagrangian and Hamiltonian systems. On one hand, boundary terms are needed to select a complete set of commuting variables which are going to be fixed at the time boundary and thus, the choice of one of these sets is a motivation for choosing a particular boundary term or another [1, 2] .
On the other hand, in gauge theories with a finite number of degrees of freedom, it is usual to deal with Hamiltonian action principles which are not fully gauge-invariant under the gauge transformation generated by their corresponding first-class constraints and in these cases it is possible to add boundary terms to these actions in such a way that the resulting action is fully gauge-invariant under the gauge transformation generated by the first-class constraints involved [1, 2, 3, 4, 5] . This is also the case for field theory [6, 7] .
Independently of the motivation at hand to introduce boundary terms, it would be useful to have a general formalism or a recipe to handle them in the theoretical framework of the canonical analysis. The ideas developed in this paper are along this way of thinking. The procedure, proposed in Ref. [4] some years ago but developed here for the first time, consists in first to introduce the boundary term into the integral action and then to interpret the resulting action as a Lagrangian one to which the canonical analysis can be applied. Such a procedure has the disadvantage of enlarging the original set of variables but has the advantage of being completely systematic to handle boundary terms.
Theoretical framework
The starting point is a Hamiltonian system described by an action principle of the form [8, 9, 10] 
where H E = H 0 + u a γ a + v α ϕ α is the extended Hamiltonian, γ a are first-class constraints (a = 1, ..., A), ϕ α are second-class constraints (α = 1, ..., A), and H 0 is the first-class canonical Hamiltonian; u's and v's are their respective Lagrange multipliers. This system has 1 2 (2N − A − 2A) degrees of freedom. Following the ideas mentioned in the Introduction, a time boundary term is added to the action (1)
Notice that, by hypothesis, B is explicitly τ -independent. The introduction of the time boundary term into the action principle yields to
The next step is to interpret the action (3) as a Lagrangian one and so to define the momenta (π x µ ) = (π q i , π pi , π u a , π v α ) canonically conjugated to the configuration
, which leads to the following primary constraints
Performing the Legendre transformation, the canonical Hamiltonian H c is computed
Therefore, the action principle is promoted to have the following Hamiltonian form
where λ µ are the corresponding Lagrange multipliers. From the variation of the action of Eq. (6), the dynamical equationṡ
together with the constraints (4) are obtained. By using the equations of motion, the evolution of the primary constraints φ q i and φ p i is computed and it is easy to check that the Lagrange multipliers associated to these constraints get fixed
while the time evolution of φ u a and φ v α produces the following secondary constraints
These constraints are the first-and second-class constraints of the original system. Since the evolution of the secondary constraints gives us relations among the Lagrange multipliers λ q i and λ p i which strongly vanish after plugging into them the explicit form for the Lagrange multipliers given in Eq. (8), the process ends and no more constraints arise.
In order to classify the complete set of constraints (
, their Poisson brackets are computed and expressed in matrix form, namely,
where I, J = 1, ..., 2(N + A + A). This matrix has a vanishing determinant which tells us that there is at least one first-class constraint. It is easy to check that the matrix (10) has (2A + A) null vectors which implies that the constraints must be redefined. By using these null vectors, we build an inverted matrix M I J in order to define an equivalent set of constraints, i.e,φ I := M I J φ J [10] , namely
where det(M I J ) = 1. With this equivalent set of constraints the Poisson brackets among the constraintsφ I are computed again which implies that
are e = (2A + A) first-class constraints, (Γ e ), and that
are ξ = (2N + A) second-class constraints, (χ ξ ). At this point, it is worth noticing that the second-class constraints ϕ α arise from the time evolution of the first-class constraints φ v α . From this fact, we observe that the system analyzed here belongs to that ones which " cross the class-line in the constraint algorithm " as was pointed out in [11] . Following Dirac's method, the first-class Hamiltonian must be built, which can be achieved by plugging into H = H c + λ q exp χ q the explicit form for the Lagrange multipliers λ q exp given in Eq. (8) . Thus the extended action principle becomes
Finally, the knowledge of the type of the constraints allows us the computation of the degrees of freedom for the system, which turns out to be As was pointed out at the introduction one motivation in order to add boundary terms is to built action principles which are fully invariant under the gauge transformation generated by the first-class constraints, therefore we have to analyze the boundary term which arises from these transformations, such term is given by
where ε e are (2A + A) gauge parameters. From the functional form of the constraints φ u a and φ v α , it is easy to see that they are linear and homogeneous in the momenta π µ so their corresponding boundary term turns out to be zero. Therefore the unique contribution to the boundary term M is due to δ a , i.e.,
Therefore, the extended action could be fully gauge invariant or not depending on which boundary term, B, had been chosen [4, 5] . In summary, the introduction of a time boundary term into action principle (1) and the application of the Dirac's method implies an enlargement of the phase space and the appearance of second-class constraints which contain the information about the time boundary.
Examples
The general theory is implemented in the following examples.
Harmonic oscillator without time boundary term
This example is relevant because it illustrates just one part of the whole procedure developed in last section: the interpretation of the original Hamiltonian action principle as a Lagrangian one. In other words, there is not a boundary term at the time boundary.
Thus, the analysis begins with the following Hamiltonian action principle for the non-relativistic one-dimensional harmonic oscillator
The system has one physical degree of freedom. Following the framework described in last section, the integrand is interpreted as a Lagrangian and so from the definition of the momenta (π x µ ) = (π q , π p ) canonically conjugate to the coordinates (x µ ) = (q, p), the primary constraints
arise. With this information, the canonical Hamiltonian is computed and it turns out to be H c =
Thus, the total action principle becomes
By consistency, the evolution of the constraints (18) is computed which implies that some of the Lagrange multipliers get fixed
Therefore, all the Lagrange multipliers has been fixed and so there are no more constraint. A straightforward computation shows that the Poisson brackets between the constraints are {φ i , φ j } = −δ ij where i, j = 1, 2 and hence (φ q , φ p ) are secondclass constraints. The first-class canonical Hamiltonian becomes H =
The counting of the number of degrees of freedom is 1 2 (2 × 2 − 2) = 1, which is in agreement with the original description of the system given by the action (17) .
Finally, due to there are no first-class constraints the boundary term M will not exist.
Parameterized harmonic oscillator with time boundary term
The next example is the parameterized non-relativistic one-dimensional harmonic oscillator. The example is relevant because on it is seen the role of the boundary term in the gauge invariance of the action. As starting point, we take the Hamiltonian action principle for the parameterized non-relativistic one-dimensional harmonic,
As next step, the integrand of (22) is interpreted as Lagrangian ones, i.e., L :=
The canonical analysis starts by the definition of the momenta, π x µ = (π q , π t , π p , π pt , π u ), canonically conjugated to the coordinates, x µ = (q, t, p q , p t , u). From these definitions it is easy to see that five primary constraints arise 
By consistency, the primary constraints are evolved in time and from this it is straightforward to observe that four Lagrange multipliers are fixed,
and that φ u generates a secondary constraint
The time evolution of the secondary constraint yields a relationship among the Lagrange multipliers, which strongly vanishes after plugging into it the explicit values of the Lagrange multipliers (25), and therefore, no more constraints arise. The Poisson brackets among the constraints are computed in order to classify them. From this, it is straightforward to obtain that δ 1 := φ u and
are first-class constraints and that the remaining ones are second-class constraints.
The first class Hamiltonian is H = uδ. Moreover, the extended action principle takes the form
where e = 1, 2 y ξ = 1, ..., 4 . The last step of the procedure is to make the counting of degrees of freedom which is As final comment, we will consider the boundary term which arises from the gauge transformation of the action principle generated by the first-class constraints δ. The boundary term which arises from the gauge transformation generated by δ is
therefore, in the general case, the extended action principle is not fully gauge invariant. Nevertheless, if the boundary term, B, is chosen to be [2, 4]
the extended action principle becomes fully gauge invariant!
A system originally defined by first-class constraints only
The next example is the system described by the Hamiltonian action principle
where γ i := (p i − q i ) ≈ 0 are N first-class constraints, u i are Lagrange multipliers, and so the system has zero degrees of freedom.
Next, a boundary term is added to the action (31)
By interpreting the integrand as a Lagrangian function, i.e., L =q
∂B ∂piṗ i , the momenta π x µ canonically associated to the coordinates (x µ ) = (q i , p i , u i ) must be defined from which 3N primary constraints arise
The computation of the canonical Hamiltonian leads to H c := u i γ i , and the total action principle becomes
From the evolution of the primary constraints φ q i and φ p i , the first 2N Lagrange multipliers are determined
while from the evolution of φ u i , the constraints γ i of the original description of the system (31) appear again, this time as secondary constraints
whose evolution does not generate additional constraints. A straightforward computation shows that φ u i and
are first-class and that φ q i and φ pi are second-class. The first-class canonical Hamiltonian becomes H = u i δ i . The last step is to make the counting of the degrees of freedom of the system, which is 1 2 (2 × 3N − 2N − 2 × 2N ) = 0, that is in agreement with the original description for the system given by the action (31).
Finally, the boundary term which arises from the gauge transformation generated by the first-class constraints acquire the form
Thus, the extended action principle will be gauge invariant or not depending on which boundary term B had be chosen.
Action for a particle on a sphere S 2
Now is considered the "free particle" restricted to move through a sphere, this system contains second-class constraints due to the restriction of the motion to the sphere. The system is described by the Hamiltonian action principle [12] 
is the first-class Hamiltonian and R is a constant;
m − u| q| 2 ≈ 0 are second-class constraints and v α are their respective Lagrange multipliers. The system has two degrees of freedom. Next, a time boundary term is added to the action (39)
By interpreting the integrand as a Lagrangian function, the momenta (π x µ ) = (π q α , π pα , π v α ) canonically conjugated to the coordinates x µ = (q α , p α , v α ) must be defined from which twelve primary constraints arise
The computation of the canonical Hamiltonian leads to
m − u| x| 2 ) and the total action principle becomes
By consistency the constraints must be evolved and it is easy to see that the evolution of φ x , . . . , φ pu fix the first eight Lagrange multipliers
while the time evolution of φ u α yield the original constraints from (39), i.e.,
whose evolution give no more constraints. A straightforward computation shows that φ v α are first-class and that the remaining ones are second-class. By using these information the number of physical degrees of freedom of the system is computes which turns out to be Finally, the first-class constraints φ v α of the system are linear and homogeneous therefore the boundary term which arise from the gauge transformation of the extended action is zero and hence the system is fully invariant no matter what boundary term had been chosen.
Action defined by a time boundary term only
This system is defined by an action principle of the form
By introducing the time boundary term into the integral action leads to
The next step is to interpret the action (46) as a Lagrangian one, i.e., the q's are interpreted as configuration variables and so Dirac's method calls for the definition of their canonically conjugate momenta π q i . Thus, from the definition of the momenta and the Lagrangian L = ∂B ∂q iq i , the primary constraints
arise. The canonical Hamiltonian H c =q i π q i − L identically vanishes. On the other hand, the evolution of the primary constraints is strongly zero and so (47) are firstclass. The Hamiltonian action principle acquires the form
The dynamics of this theory is pure gauge in the sense that the number of physical degrees of freedom is zero, By other hand, the boundary term which come from the gauge transformations generated by the first-class constraints is the following
By one hand, this example is relevant because it illustrates the role played by boundary terms only. By other hand, this result can be expressed as follow
be two Lagrangian functions defined on M and ∂M respectively, where q i are N coordinates which label the points of the configuration space. Therefore, if L B such as
then the theory defined by L B is topological.
The theorem is still valid if L F depend on the momenta p i or the higher n-th derivative of the coordinates ‡ d n q dτ n , namely, if the Lagrangian L B can be expressed as the total derivative of some function L F the number of the degrees of freedom will be zero, namely the theory always will be topological. This theorem is true for system with finite numbers of degrees of freedom and as well as for field theories as it is seen in the appendix and in [15] .
Concluding remarks
It has been studied how to manage time boundary terms in the theoretical framework of Dirac's canonical analysis. The strategy consist in the introduction of the time boundary term into the action principle, thus enlarging the original set of configuration variables. The resulting action is interpreted as a Lagrangian one to which the canonical analysis can be applied. In this approach the time boundary conditions of the new action principle are on the new full set of configuration variables, as usual. The information of the boundary term is encoded in the new second-class constraints as well as in the redefinition of the new first-class constraints.
The approach followed here, can also be applied to the case when the original action principle is endowed with arbitrary symplectic structures instead of canonical ones [5] .
It is worthwhile to mention that the boundary term added can also include the original Lagrange multipliers. The analysis in such a case can be carried out following essentially the same steps made in the current paper.
As final comments, the approach developed here can also be applied to minisuperspace models (when the space-time has specific symmetries), such as cosmological models [see, for instance, Ref. [13] [14] [15] [16] [17] [18] [19] . Moreover, these way to deal with boundary term could be applied into the zero-Hamiltonian problem in 2D gravity [20, 21] and into topological field theories [15] . Finally, the approach developed here can extended to its complex counterpart and analyze complex canonical transformations [22] . ‡ The demonstration of the theorem when L F depends on the higher derivatives of the coordinates do not has been deployed here because it is out of the spirit of the paper.
per point of σ, namely, the theory defined by the Stokes theorem is topological as was pointed out in the theorem 1.
As final comment it is worth noticing that besides the left side of the Stokes theorem (A.1) is topological, the canonical analysis of the right side of (A.1) revels that the theory defined by L F = αω has one degree of freedom [14] . Namely, the theory described by (A.2) is other example of the theories defined in a manifold with boundary which are topological in the bulk and has local degrees of freedom into its boundary [15] .
